Abstract-This paper proposes a method by which material inhomogeneity may be taken into account in a reliability calculation. The method employs Monte-Carlo simulation; and introduces a material strength index, and a standard deviation of material strength to model the variation in the strength of a component throughout its volume. The method is compared to conventional load-strength interference theory. The results are identical for the case of homogeneous material, but reliability is shown to reduce for the same load as the component volume increases. The case of a tensile bar is used to explore the variation of reliability with component volume.
R
ECENTLY, much progress has been made in reliability engineering research, and applications, since Bazovski [1] identified the reliability approach based on risk assessment. For electronic components and products, there are mature reliability theories and techniques. The history of risk or probability assessment has been considered in some detail by Moss [2] , who has described the background and relevance of now well-established methods, such as Failure Mode Effect and Criticality Analysis (FMECA), and Fault Tree Analysis (FTA). Moss [2] also pointed out that there is some difficulty with mechanical reliability prediction, and that the techniques developed many years ago for evaluation of electronic systems and components must be used with some caution when dealing with mechanical systems.
Failure is a fundamental concept of any reliability analysis [3] . Mechanical failure may be defined as any change in size, shape, or material properties of a structure, machine, or machine part which renders it incapable of satisfactorily performing its intended function [4] .
In the literature, there are two main approaches used in engineering design to analyze and predict mechanical failures: stress failure theory, and reliability theory.
Collins [4] described six stress failure theories: 1) Maximum normal stress theory, 2) Maximum shearing stress theory, 3) Maximum normal strain theory, 4) Total strain energy theory, 5) Distortion energy theory, and 6) Mohr's failure theory. With the exception of composite materials, the basic assumptions of all these failure theories are that the material is homogenous, and that a failure is predicted to occur when the failure criterion is satisfied. A safety factor is then applied based on experience, design code, or an analysis of the worst loading conditions [5] . These methods do not explicitly take into account variations in component material strength due to variations from construction and manufacture. The application of a safety factor takes into account a wide range of uncertainties including the applied loads and variations in material strength.
An alternative approach is reliability theory [6] , [7] . The loadstrength interference theory [8] - [13] is a well-known method to calculate the reliability of mechanical components. This early work was carried out by Freudenthal et al. [8] , with respect to the safety of structures. The method was also applied to design of critical mechanical component by Kececioglu and Cormier [14] .
The probability density functions for both strength and load are shown in Fig. 1 , and the shaded area where the curves interfere is an indication that the component will fail. Load-strength interference theory has been used to take into account variations in the operating load and strength of mechanical elements [8] , [12] which are distributed about a mean value, and which may change with time in service operation owing to degradation. Variation in the strength of the component may result from a combination of variations in the metallurgical and fabrication processes involved with its manufacture, dimensional inaccuracy, surface damage, etc.; whereas variation in the load imposed upon it may result from variations in its duty, and environment. The bigger the difference ( ) between strength, and stress, as shown in Fig. 1 , the higher the reliability of the compo- nent becomes. The use of a safety margin in design calculations is attractive, but it depends upon there being sufficient information available about strength, and load distributions [15] . The safety factor design approach introduces the safety factor to enlarge the difference between strength, and load.
The strength of a component at different points will not remain constant because defects are introduced during material processing, and component manufacture. It is widely recognized by engineers that failure occurs in local 'weak spots'.
Consider the case of two bars, A and B, which have the same cross section, and the same applied load, but they have different lengths, as shown in Fig. 2 . Conventionally, both bars would have the same stress, the same material strength, and the same probability of failure, i.e., they have the same reliability. However, in practice, a long bar is often found to be less reliable than a shorter one [16] .
The aim of this paper is to explore the relationship between the physical size of a mechanical component, and its reliability.
A new method is proposed below by which material inhomogeneity may be modeled in a component reliability calculation. The strength of a component depends upon the quality of the materials used, and the quality of construction and manufacturing processes employed.
The new method employs the Monte-Carlo simulation method, which uses system probability models, and simulation of random variables [17] , to analyze the relationship between the reliability, and volume, of a mechanical component.
A comparison is made with two existing calculation methods, the load-strength interference method, and the use of a stress based failure criterion plus safety factor, with the new method presented in this paper.
II. MECHANICAL RELIABILITY

A. Mechanical Failure
The maximum normal stress theory [4] is used to define mechanical failures in this paper:
Failure is predicted to occur in the multiaxial state of stress when the maximum principal normal stress becomes equal to or exceeds the maximum normal stress at the time of failure in a simple uniaxial stress test using a specimen of the same material.
A failure is predicted by this theory to occur if any one expression is satisfied (1) where , , and are the principal normal stresses; could be the uniaxial failure strength in tension ( ) or compression ( ).
Of course, this is not the only failure theory which could be used in the new method, and other failure theories [4] could be adopted too. 
B. Variation of Material Strength
From (1), there are two factors: principal normal stresses ( ), and the material strength ( ), which determine if a mechanical failure occurs.
The stress failure theory plus safety factor method assumes that the stresses and strengths remain constant in any environment with repeated load, as shown in Fig. 3(a) . For example, in the case of a bar subject to an axial load, the load induced stresses and material strength at any point in the bar are thought to be the same. In the load-strength interference theory [8] , there are variations in both load and strength, as shown in Fig. 3(b) . Variation in the strength of the component may result from a combination of variations in the metallurgical and fabrication processes involved with its manufacture, whereas variations in the load result from variations in its duty and environment.
To analyze the variation in the material strength, a method to calculate the mean value, and standard deviation, of material strength from test data is first investigated. It is assumed that test samples come from different batches, and denotes the strength of Sample in Batch . The number of the samples in Batch is . There are batches in the strength test shown in Fig. 4 .
The total number of the samples in the test, , is
Then the mean value and standard deviation of the material strength could be calculated as (3) (4) Here, another method is introduced to compute them. First, the mean value, and standard deviation, of the material strength in Batch are calculated respectively as (5) (6) Then the mean value, and standard deviation, of the material can be calculated as: (7) (8) The results obtained from the above two methods should be different. The mean of the material strength in (3) will be the same with the one in (7) only when there are the same number of samples in each batch.
For given batch samples, the manufacturing condition, and the material ingredient, could be thought to be the same. The material is thought to be homogeneous if each sample has the same strength, that is (9) Actually, it is impossible that the strength of each sample is kept the same. This means that the material is inhomogeneous.
Next, consider another situation. It is assumed that the material is homogeneous in each batch. Other factors will affect the material strength, such as the variation of material ingredients, and the manufacturing control parameters. There are different strengths in different batches. Then the deviation of material strengths also exists.
So two known methods to reduce the deviation of material strength are: 1) raising the homogeneity of the material (to reduce ), and 2) controlling the stability of material quality in different batches (to reduce ). Based on the above brief discussion, there are two factors which affect the variation of the strength of a material: 1) the material inhomogeneity (or imperfects), and 2) the material quality stability. Only the more homogenous and more stable the material quality becomes, then the less the variation there is in material strength.
Two deviations of material strength are introduced: 1) the standard deviation of material strength related to material inhomogeneity (SDH), and 2) the standard deviation of material strength related to material quality stability (SDQ). Respectively, they are denoted as and , and then we have the following two distributions:
1) a distribution of material strength related to material inhomogeneity , and 2) a distribution of material strength related to material quality stability . Because a material is inhomogeneous, there is a different strength at a different place in a given material. The strength of a material at one place ( ) in a component, , is a random variable, which can be determined with the distribution of material strength related to material inhomogeneity (10) The material quality stability will affect the mean value of the material strength related to material inhomogeneity .
(11)
C. Mechanical Component Reliability
Fig . 5 shows the cross-section of a component, which is divided into elements. If the component is a complex structure, and its loads are complex too, each element will have a different stress. It is assumed that the stress is constant in an element, as shown in Fig. 5(b) . A failure will occur in this element if (12) where is the stress of element , and is its strength.
The component shown in Fig. 5 is assumed to fail if any element fails. This is the case of local component failure (defined by a failure criterion), under discussion in this paper. A local failure may not, of course, lead to total system or mission failure.
The component failure event of the component ( ) could be written as: (13) where is the whole space of the component. is a random event, and its failure probability is (14) The reliability of the component is written as (15) 
III. MONTE-CARLO SIMULATION
A. Monte-Carlo Simulation Flow
Monte Carlo simulation is often employed in reliability analysis when the analytical solution is not attainable, and the failure domain cannot be expressed or approximated by an analytical form. The flow of the Monte Carlo simulation for evaluating the effect of material inhomogeneity and material quality stability on the reliability of mechanical components is shown in Fig. 6 .
If the proportion in the dashed area in Fig. 6 is removed, it is just a general Monte-Carlo simulation for determining the reliability of mechanical components. The task of the enclosed dashed area is to simulate the effect of the material inhomogeneity on mechanical reliability.
The randomness of random variables can be described by the known probability density function of its distribution. For example, the random load will be calculated by using its probability density function of the -normal distribution . The main steps of the Monte-Carlo simulation technique as shown in Fig. 6 are:
Step 0: Read input data , , , , , ; Let , ;
Step 1: Generate a random load, , from the distribution ; Step 2: Calculate the stress by using Finite-Element tools, or mechanics methods.
Step 3: Generate a random strength. ; if , return to Step 1.
Step 5: Calculate the reliability of the component, and stop. Following the law of large numbers, an unbiased estimator of the failure probability of the component is given by (16) where is an indicator defined as:
The reliability of the component is given by
B. Number of Selected Points,
Section II-B shows that the inhomogeneity will affect the strength in the material. The bigger the volume of a component is, then the greater the effect will be.
To investigate the effect of the inhomogeneity on reliability, a new number, , is introduced to describe the relationship between the volume of the component, and its reliability. In Fig. 6 , the load, and , are randomly generated according to their respective probability density functions. Then the program generates a range of component strengths according to the material strength related to the distributions , and . This means that there are several points, , which are selected, to check if a failure occurs.
The number of selected points, , is a function of the volume of a component. Generally, increases with the volume of the component. Here the linear relationship is supposed. This is given by (19) where is the volume of the component, and is defined as
Material Strength Index(MSI).
In this paper, Material Strength Index is set as a constant. If there is only one point selected (20) then the result should be equal to the result obtained from the load-strength interference theory.
The number of selected point, , will be an integer. 
C. Selection of Material Strength Index
The MSI, , has a strong effect on the results obtained by using the method shown in Fig. 6 . The material strength index should be calculated carefully as follows.
Ordinarily, mechanical properties are obtained from experimental results. So that test results will be comparable, the dimensions of test specimens, and the methods of applying loads, have been standardised. One of the major standards organizations is the American Society for Testing and Material (ASTM). The ASTM standard tension specimen has a diameter of 0.505 inches, and a gauge length of 2.0 inches [18] . This means that the volume of the specimen is mm
It is supposed the reliability of the standard specimen obtained from the above Monte-Carlo simulation method is equal to the one calculated by using the load-strength interference theory. This implies that the number of selected point in Fig. 6 should be equal to 1. From (19), we have If the volume of a component is less than the one of the standard specimen, the number of selected points that are obtained from (21) could be zero or one. At that time, the component reliability will be greater than the standard specimen. When the volume is very small, and approaches zero, the reliability approaches one because there is no volume in which material defects can occur. This is (25) This may be true, but it should be proved by the test and practise. Here, conservatively let (26) Equation (26) means that when the volume of a component is less than that of the standard specimen, which is used to determine the material strength, its reliability or failure probability is the same with the one of the standard specimen.
The above method to determine the Material Strength Index will not affect the Monte Carlo simulation method presented in this paper. If the strength comes from different standard specimens, the material strength index should be modified with the size of the specimens.
IV. EXAMPLES AND ANALYSIS
The cases of bars subject to tensile loading are used to analyze the effect of material inhomogeneity on mechanical reliability. The parameters investigated in this paper using the proposed analysis method are:
• standard deviation of material strength related to material inhomogeneity, • applied load, and • bar length and radius. In this section, all the simulation results were averaged over 50 runs, and in each run the simulation number was set to 1000.
A. Theoretical Reliability
Here the conventional load-strength interference theory is used to calculate the bar theoretical reliability. Let be the bar radius, and be the bar length. It is assumed that the distributions of all the random variables are -normal distributions. The distribution of the cross area of the bar is also the -normal distribution , its mean value is (27) and the cross-area standard deviation is
The stress distribution is , and its mean value is (29) Here is the load or force, is its mean value, and is its standard deviation. The standard deviation of the stress is written as (30) According to the load-strength interference theory, the theoretical reliability of the bar is (31) where , and are respectively the mean value, and standard deviation of material strength. Here, in the load-strength interference theory, the material is supposed to be homogeneous, so we have The reference data used in the example calculation is given in Table I . The radius of the tensile specimen is set to be the same as the one of the standard specimen, thus its mean value is 6.4135 (mm), and its standard deviation is set in all examples according to the following equation: (34) From (34) the theoretical reliability of the bar is . The result obtained by the Monte-Carlo simulation program, which is used in the new method, is , is shown in Table II . The variation of the bar reliability from the load-strength interference theory, and from the new method, is only 0.046%. Therefore, the program used calculates the theoretical reliability of the bar with high accuracy.
B. Performance of Standard Deviation of Material Strength Related to Material Inhomogeneity
To investigate the effects of the standard deviation of material strength related to material inhomogeneity (SDH, ) on the reliability, modeling experiments were carried out in which was varied, and the results obtained are shown in Fig. 7 . As expected, when is increased, the bar reliability decreases. When varies from 0 to 25, which is equal to (SDQ) in this case, the bar reliability drops from 0.880 594 to 0.829 198. It is interesting that when is set to zero, the reliability is equal to the theoretical reliability 0.881 000 obtained by using the load-strength interference theory, which is shown in Table II . This means that, if the material is homogeneous, the result found by using the new method is the same as the one calculated with the load-strength interference theory. If material is inhomogeneous, the reliability obtained through the load-strength interference theory is higher.
C. Effects of Applied Loads and Bar Radius on Reliability
According to the load-strength interference theory, the stress distribution of a component, and the material strength distribution determine its reliability. The difference between the stress, and strength is written as
The smaller the value of , the larger the shaded area becomes, as in Fig. 8 , and the higher the failure probability of the component. The reliability decreases as the load (applied stress) increases.
There are two factors which affect the stress: the load, and the radius of the bar. With the same parameter settings, which are shown in Table I (except the load, and radius variations) the results obtained by using the new Monte-Carlo simulation method in Section III are shown in Figs. 9 and 10 .
In Fig. 9 , the load varies from 0 to 100 000N. The load varies between 0 and 80 000N in Fig. 9(a) , and from 80 000N to 100 000N in Fig. 9(b) . Fig. 9 shows that, as the load increases, the bar reliability decreases. The reason is, of course, that the increase of the load ( ) will results to the increase of the stress and the decrease of the distance between the stress and its strength in (35), so that the shaded area increases. Therefore there are more opportunities for a failure to occur, and the reliability will decrease. Fig. 10 illustrates the relationship between the bar reliability and the bar radius, and the standard deviation of material strength related to material inhomogeneity . The bar radius varies from 6.5 to 24 mm, and from 0 to 15 MPa. The reliability rises sharply because the cross sectional area increases dramatically with the square of the radius, and the stress reduces accordingly. However, an interesting thing happens when the bar radius is larger than 7 mm in this case. If is less than 5 MPa, the reliability increases rapidly, and remains constant at the top level when the radius is bigger than 10 (mm). However, when is larger than 5 (MPa), the reliability drops, and then increases until it reaches unity.
A possible explanation is that the radius has appeared to have two different effects on reliability. The first one is that when the radius increases, the stress drops sharply and so the reliability rises. However, the increase of the bar radius results in the increase of the bar volume, which leads to more opportunities for a failure to occur. The increase in bar volume reduces reliability. The decrease in reliability means that the volume has a strong effect on failures due to the higher value of . The increase of the bar radius results in the stress pdf to move to the left, and the shaded area in Fig. 11 will decrease, and thus increase reliability. However, the increase of will let the strength pdf become wide, so that the shaded area will increase, and then the reliability decreases. The two factors lead to the behaviors shown in Fig. 10 .
D. Effects of Bar Length on Reliability
Figs. 12 and 13 show the relationship between the reliability, and the bar length. The bar length varies between 50.8 and 110 (mm) in Fig. 12 , and from 0 to 1000 times of the length of the standard specimen in Fig. 13 . Other parameters remain constant as given in Table I . The specimen length used is 50.8 mm (2in).
For bars with a length greater than 50.8 mm, the bar volume is bigger than the specimen volume. Therefore, due to the variation in the material strength related to material inhomogeneity, the failure probability rises, and so the reliability decreases with the increase of the bar length. Fig. 12 shows the decrease in bar reliability as the bar length (and hence volume) increases. Fig. 13 shows how reliability varies with the bar length and SDH. The increase of the bar length results in the increase of its volume, and then its reliability decreases. The SDH also results in the decrease of the reliability.
When the SDH is equal to zero, , the reliability remains constant at 0.88. This means that, if the material is homogeneous, the reliability does not vary with the increase of the volume of a component, and its reliability is equal to the one calculated by using the conventional Load-Strength interference theory.
E. Bar Structure Design
It is assumed that a bar of length is 5000 mm, and that the reliability of the bar must be greater than or equal to 0.999
If the applied loads are as shown in Table I 
3) Design Using the New Method Presented in This Paper:
To investigate the effect of SDH on the bar design, SDH will be set as 0, 2.5, 5,10, 12.5, and 15. Fig. 14 illustrates the relationship between the reliability and the bar radius with different .
Using Fig. 14 , the required bar radius for the required reliability of 0.999 is obtained for each , the values of which are given in Table III . Fig. 15 plots the values of the required radii as a function of SDH. When increases from 0 to 15, the required radius increases greatly from 6.8 to 33.1.
4) Comparison of Results:
To achieve a reliability of 0.999, the following designs are listed in Table III: 1) conventional load-strength interference theory, radius mm 2) safety factor method, radius mm for a safety factor of 3.
3) Monte-Carlo method, Radius mm for the homogeneous case, Radius mm for , and Radius mm for . Comparing the calculated values of the required bar radius, when is equal to zero (the material is homogenous), the size of the bar radius from the new method is the same as the one from the conventional load-strength interference method. The radius calculated using the safety factor method depends on the value of the safety factor chosen. In this example, a safety factor of 3 was used. It can be seen that, if the material is inhomogeneous with , then the safety factor method with underestimates the required radius of the bar. Therefore, the method proposed in this paper gives results which are comparable with conventional load-strength interference, and the safety factor methods. However, it does have the advantage of generating specific results which relate to the inhomogeneity present via the use of a standard deviation of material strength related to material inhomogeneity.
V. SUMMARY AND CONCLUSIONS
A method of analysis is proposed which takes into account material inhomogeneity such that the reliability of components of different sizes, but subject to the same applied stress, can be calculated. The method is a development of conventional load-strength interference theory. The proposed method is based on a Monte-Carlo method; and the results have been compared to both the conventional load-interference theory, and a calculation method based on nominal stress, plus a safety factor. If the material is assumed to be homogeneous, then the new method gives the same results as the conventional load-interference method. If the material is assumed not to be homogeneous, then the new method calculates that larger dimensioned components are required to achieve a desired reliability. Unless large safety factors are chosen, then the safety factor method will underestimate the size of components for high reliability.
The method provides an opportunity to explore the effect of component volume on reliability calculations. For key components, the method provides an opportunity for designers and reliability engineers to undertake sensitivity analyses concerning the possible effect of component size on reliability for different degrees of material inhomogeneity. To calculate specific values of reliability, the method requires material data which is not recorded generally at the present time. However, it is quite feasible to obtain the data by a test program, say in the case of certain safety critical components.
